
+ Models
Fourier-inversion and wavelet-transform methods applied

to X-ray reflectometry and HRXRD profiles from

complex thin-layered heterostructures

O. Durand *, N. Morizet
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Abstract
We show that X-ray scattering techniques can be used for the assessment of individual layer thicknesses inside complicated semi-conductor

heterostructures dedicated to the opto-electronic domain. To this end, we propose methods to overcome two main drawbacks coming from: (1) the

complexity of the X-ray profiles and, hence the difficulty to use model-dependent tools such as fitting procedures and (2) large dynamics in

intensity due to numerous high diffraction superlattice peaks from superlattices which limit the use of the model-independent Fourier-inversion

method.

We demonstrate first the reliability of the Fourier-inversion method applied to high-resolution X-ray diffraction profiles curve from quantum

well infrared photodetectors heterostructures, complementary to the model-dependent fitting tools. Then, a wavelet-transform-based procedure has

been successfully used on X-ray reflectometry profiles containing intense SL Bragg peaks.
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1. Introduction

Since the 1980s, there has been an increasing interest in the

X-ray scattering techniques applied to semiconductor hetero-

structures dedicated to micro- and opto-electronic devices.

Indeed, realization of such devices needs the mastering of the

material elaboration in terms of structure, compositions and

layer thicknesses. X-ray reflectometry (XRR) allows to

determine the depth profile of electronic density, layer

thicknesses, defined as distances between mean interfaces,

and the one-dimensional RMS interfacial roughnesses, while

high resolution X-ray diffraction (HRXRD) is used to infer the

depth profile of lattice plane stackings providing the lattice

strain state, the number of lattice planes between interfaces and

the alloy compositions. For recent years, some innovative

approaches for the elaboration of novel semiconductor-based

electronic and optical components has induced a high
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complexity of these heterostructures. Hence, the resulting

complexity of both the corresponding X-ray diffraction and X-

ray reflectometry profiles has led to the development of both the

instrumental and the methodological tools. Among the

interpretation data techniques there are either methods based

on model-dependent simulation procedures (dynamical the-

ories) [1–3], or methods based on model-independent data-

inversion (Born approximation) based on Fourier transform

(FT) [4,5]. Let us mention also some model-independent

alternative approaches based on semi-dynamical treatment,

called distorded born wave approximation, usually applied to

the extraction of the electron density profile (EDP) from single

thin layers with complicated one-dimensional interfacial

roughnesses [6,7].

Concerning the study of both HRXRD and XRR profiles

from multilayered materials for micro- and opto-electronics,

two main difficulties appear: (1) the increasing complexity of

such heterosructures, leading to complex X-ray reflectometry

and HRXRD profiles, implies that the direct extraction of

information using model-dependent simulation and fitting

procedures is becoming very time-consuming, even hazardous
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and (2) in most profiles, the presence of numerous high

diffraction superlattice (SL) peaks limits the applicability of the

model-independent Fourier transform procedure. On previous

papers, the use of methods based on the signal-treatment, such

as the Fourier-inversion technique to extract the individual

layer thicknesses from complex X-ray reflectivity profiles have

been reported [5,8]. In this paper, we show the capability of

such method for the extraction of the individual layer

thicknesses from complex HRXRD profiles. Moreover, most

XRR profiles from heterostructures dedicated to opto-electro-

nics display a large dynamic change in intensity due to the

presence of numerous super-period peaks. Therefore, applying

directly the Fourier-inversion procedure is non trivial. We show

here that a wavelet-transform analysis applied to such a

complex XRR profile can overcome this difficulty. Using the

results from the signal-treatment tools as starting values, fitting

procedures can then be used to determine: (1) the EDP through

the surface/interface roughness values from XRR profiles and

(2) the alloy composition from HRXRD profiles.

2. Experiment

XRR and HRXRD experiments were carried out using a high

resolution Seifert PTS goniometer equipped with a two-bounce

(XRR) and a four-bounce (HRXRD) Ge(2 2 0) crystal

monochromator and a multilayer mirror to enhance the incident

intensity.

Two high accuracy incremental encoders allow an absolute

angle reading, with an accuracy of 0.00028, of both the v and

2u positions. We have used the Cu Ka1 wavelength

(l = 0.1540562 nm) from a line focus. For reflectometry, the

measurements were performed using a detector slit of 0.1 mm.

Back Soller slits and a knife edge located at 60 mm from the

sample surface allow to decrease the background down to

0.05 cps. Thus, intensity’s dynamic range of 107 was achieved

on the reflectivity curves. For HRXRD, the experiments were

performed with a two-bounce Ge(2 2 0)-crystal scattered-beam

monochromator, called channel-cut, giving a detector-accep-

tance-angle of 13 arcsec.

3. Application of signal-treatment on both XRR and

HRXRD Profiles

3.1. Fourier-inversion technique

3.1.1. X-ray reflectometry

At small angle of incidence, neglecting the absorption effect,

a thin layer is seen as an homogeneous medium with a mean

refractive index n(l) = 1 � d(l) [9], where l is the incident

wavelength and d is the order of 10�5, depending on the

material. Therefore, the problem of the specular reflectivity of

an X-ray beam on a thin layer can be solved using the classical

Snell-Descartes and Fresnel relationships applied to thin layers

with refraction indices lower than unity. As in the XRD case,

the geometry of an XRR experiment is the well-known specular

u/2u one, u being the grazing angle of incidence and 2u the angle

between the detector and the incident beam. According to the
Snell-Descartes expression, a total reflectivity plateau occurs

below a critical angle uc defined by cos uc = n(l). In a first

approach, XRR can be treated under the kinematical

approximation. The reflection coefficient is then proportional

to the FT of the electronic density variation along the stack,

leading to [4,5,10]:

FT�1
Scorr
ðS4

corrIðScorrÞÞ ¼ r0ðzÞ�r0ð�zÞ (1)

r0ðzÞ�r0ð�zÞ is the autocorrelation function (ACF) of the

electronic density derivative along z, indicating the interface

positions [10,11], and

Scorr ¼
2

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 uc � cos2 u

p
(2)

where Scorr is the diffraction vector inside the sample, i.e.

corrected from refraction. Hence, the ACF gives the distances

between interfaces, i.e. the individual thicknesses and the sum

of contiguous thicknesses. In the following, the XRR profiles

refers to the S4
corrIðScorrÞ curves, i.e. the intensity expressed as I

multiplied by S4
corr versus Scorr. An estimation of the critical

angle value is experimentally inferred taking the angle corre-

sponding to the onset of intensity reduction of the reflectivity

plateau. The Fourier-inversion technique applied to XRR pro-

files is relevant provided that interfaces are well defined, which

is generally the case in semi-conductor stackings for opto-

electronic devices.

3.1.2. HRXRD

As in a XRR profile, a single-layer thickness can be

determined from the thickness fringes (Pendellösung fringes)

localized on both sides of a diffraction peak. According to the

dynamical theory, the angular gap between the fringes is given

by the following relationship [12]:

DðumÞ ¼ l
sin gh

sinð2uÞt (3)

being gh is the angle between the diffracted beam and the

surface normal, m the fringe order and t is the layer thickness. In

the usual case of a specular reflection gh = u. Thus, a differ-

entiation of the diffraction vector norm S = 2 sin u/g, combined

with (3) gives:

DðSmÞ ¼
1

t
(4)

where Sm is the position of the mth-order fringe, equidistant

when positions are expressed in the S-scale. Thus, a FT applied

to the single-layer HRXRD profile yields a peak centred on the

layer thickness, as in the XRR case. Therefore, we have applied

the Fourier-inversion tool on HRXRD profiles to infer informa-

tion on thicknesses. Some preliminary results on simulated

profiles and on an experimental case have already been pub-

lished elsewhere [5].

However, some care should be taken: (1) definitions of

thicknesses are different between both XRR and HRXRD since,

in XRR, thicknesses are defined as distances between

interfaces, whereas in HRXRD, thicknesses are defined as
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Fig. 2. Experimental (bottom curve) and simulated (upper curve) profiles from

a QWIP heterostructure. The simulation has been obtained with the thicknesses

values determined using the Fourier-inversion technique described in the text. In

inset: zoom on the right side of the substrate peak showing the excellent

agreement between both simulated and experimental curves, even for the high

frequency fringes.
coherence lengths of crystalline planes and (2) the kinematical

approximation is more restrictive in HRXRD than in XRR since

multiple scattering process occurs at diffraction planes instead

of at interfaces. Nevertheless, let us mention that: (1) for perfect

crystalline thin layers, both thickness definitions are analogous

and (2) dynamical phenomenon mainly affects the intensities

instead of the angular distances between thickness fringes and

super-period peaks [12].

3.2. Wavelet-transform tool

Previous studies have shown the reliability of applying the

wavelet analysis on XRR profiles in order to determine both the

individual thicknesses and the location of the corresponding

layers inside a heterostructure, using the penetration depth

variation versus the grazing incidence angle [11]. In our case,

we have used the localization property of the wavelets to reduce

the dramatic influence of the high intensity SL Bragg

diffraction peaks on the ACF spectra. The aim of the

wavelet-transform analysis is the same as that the FT analysis,

i.e. to decompose the signal f(S) versus a c(S) particular base in

order to extract the thicknesses values, without the need of any

model. The wavelet expression is given by

T f ða; b; cÞ ¼
Zþ1

�1

f ðSÞc�a;bðSÞdS (5)

ca;bðSÞ ¼
1ffiffiffi
a
p c

�
S� b

a

�
(6)

being a is the homothetic factor and b is the centring factor. The

base ca,b chosen for wavelet analysis was the well-known

Morlet wavelet (see Fig. 1) [13]. The wavelet extension decays

in the S-scale allowing localisation of the signal components. A

scalogram jTf(a;b;c)j2 is obtained by the following procedure:

the signal f(S) is multiply by the wavelet whose center con-

tinuously shifts from small S to higher S. Then the same

procedure is applied with a compressed and expanded wavelet

(a factor), allowing the decomposition on a higher and a lower

frequency, respectively. The scalogram displays some intensity

when XRR profile frequency fits the wavelet frequency, giving

a frequency analysis in S-scale, which yields the thicknesses

and their location in the ðS4
corrIðScorrÞÞ XRR profile.

4. Fourier-inversion technique applied to HRXRD

profiles from QWIPs heterostructures

The framework of this study concerns the 8–12 mm infrared

(IR) detection [14]. The quantum wells infrared photodetectors
Fig. 1. Morlet wavelet used for the wavelet transform. The wavelet extension dec

expansion of the basic wavelet, allowing a decomposition of the signal into freque
(QWIPS) heterostructures, grown by molecular beam epitaxy

(MBE) on GaAs(0 0 1) substrates, consist of a (GaAs/

Ga1�xAlxAs) superlattice (SL) surrounded by thin-layered

binary GaAs layers and ternary Ga1�xAlxAs alloys. The

alternating of small-gap GaAs layers and the large-gap

AlxGa1�xAs layers defines the artificial quantum wells for

the electrons containing two energy states, whose fundamental

one is populated with electrons. Under IR illumination, the

electrons are excited from the fundamental state into the higher

excited one close to the conductive band. Then, these electrons

are swept out by an applied electric field, inducing a photo-

current detected by ohmic contacts. It is of crucial importance

to determine precisely the thicknesses of all the layers inside the

heterostructure. The individual layer thicknesses range over

three orders of magnitude, from a few nm to mm. The details of

the structure will not be given in this paper. In the following, the

FT is applied to the logarithmic scale of the HRXRD profile in

order to minimize the intensity’s dynamic range. As shown in

Fig. 3, a FT applied to a HRXRD profile (Fig. 2) from a QWIP

heterostructure displays: (1) peaks related to thicknesses (t1 to

t5 in Fig. 3) and sum of contiguous thicknesses and (2) peaks

related to the superperiod (SP1 to SP10 in Fig. 3). Taking the

positions of some of the SPn peaks, i.e. the 6th, 7th, 8th and 9th

orders for example, allows one to infer the value of the

superperiod: 40.12 � 0.05 nm. This value has been confirmed

by measuring the slope from the linear regression of n versus Sn,

n being the order of the SL-peak at Sn position. The second peak

series (tm) is related to thicknesses and sum of thicknesses from

the five thin layers. From their positions the thicknesses of the

layers has been inferred. Then, in order to determine the
ays due to a damping factor. A scalogram is obtained with compression and

ncies, giving the thicknesses.
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Fig. 3. FT applied to the experimental (bottom curve) and simulated (upper

curve) profiles. In the FT applied to the experimental curve, the peaks positions

related to thicknesses (from t1 to t5), sum of thicknesses and related to a

superperiod (SP1 to SP10) allow a precise determination of all the correspond-

ing thicknesses. The agreement of the peak positions between both FTs

confirms the reliability of the Fourier-inversion technique applied to HRXRD

profiles.
composition of the Ga1�xAlxAs alloys from the HRXRD

profile, a simulation has been performed using the HR-PTS

software, provided by Rich-Seifert & Co., using the thicknesses

determined by the Fourier-inversion method as fixed values, i.e.

only with varying the x and y composition values. This software

is based on the solution of the Tagaki–Taupin equation (see, for

example Ref. [12]) and includes all the dynamic processes.

Fig. 2 shows a comparison between both the simulation and the

experimental profiles. The fringes are perfectly aligned even in

the vicinity of the substrate peak. These fringes are very narrow

since they are related to large thicknesses, more than 1 mm. As a

confirmation, the FT inversion tool has also been applied to the

simulated profile (Fig. 3). The excellent agreement between the

FTs from both the experimental and the simulated profiles

validates the Fourier-inversion procedure applied to HRXRD

profiles. One has to point out the fact that the direct use of a

model-dependent simulation procedure is not relevant in the

present case. Indeed, to study such a complicated hetero-

structure, one has to first use a model-independent tool to
Fig. 4. (a) Example of a XRR profile displaying two SL Bragg peaks and (b) corr

function’’ (see text) and (d) corresponding FT showing a peak related to the thick
determine thicknesses values, and then a model-dependent

fitting procedure if the alloy compositions are needed.

5. Wavelet-based numerical treatment applied to
reflectometry spectra

5.1. Fourier-inversion technique applied to a (GaAs/AlAs)-

based waveguide.

(AlAs/GaAs)-based waveguides were designed for fre-

quency generators [15], using the large nonlinear susceptibility

of GaAs for parametric conversion. The nominal wave-guide

structure was: 4 � [GaAs(383 nm)/AlAs (37.5 nm)]/

Al0.70Ga0.30As (digital alloy, 1000 nm thick)//GaAs(0 0 1)

grown by MBE. The digital alloy is a 530 � (GaAs 0.85 nm/

AlAs 1.98 nm) superlattice. The result of the thicknesses

determination by the Fourier-inversion technique applied to the

XRR profile has already been published elsewhere [5]. Due to

the presence of huge Bragg diffraction peaks (from the digital

alloy), the Fourier transform has not been applied directly to the

XRR profile. Indeed, we have completely eliminated the

intensity’s dynamic range by reconstructing the XRR spectra by

a ‘‘triangle function’’ in which minima (zero intensity) and

maxima (intensity equal to one) are related to the minima and

maxima of the experimental spectra (Fig. 4). The FT transform

has then been applied to the reconstructed profile, yielding

35.09 � 0.05 nm for the AlAs layers and 385.5 � 0.5 nm for

the GaAs layers.

5.2. Wavelet-transform numerical treatment applied to a

(GaAs/AlAs)-based waveguide.

As shown previously, the presence of high intensity

diffraction peaks is a considerable drawback for the applic-

ability of the Fourier-inversion technique. Therefore, we have

applied the wavelet transform to the XRR profile from the
esponding FT. (c) Reconstruction of the XRR profile, in (a), by a ‘‘triangular

ness fringes.
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Fig. 5. (a) XRR from the waveguide heterostructure, drawn in log scale. (b) Scalogram, i.e. thicknesses vs. Scorr representation, obtained by applying wavelet

transform to the XRR profile.
(GaAs/AlAs)-based waveguide. The corresponding scalogram,

shown in Fig. 5, consists in a thickness versus Scorr

representation. Two streaks, parallel to the S-scale, correspond

to the thicknesses from the AlAs layers (35.1 nm) and from the

GaAs layers (385.5 nm). The third streak (421.5 nm) is related

to the sum of these two thicknesses. These values are consistent

with the results obtained by the Fourier-inversion technique

applied to the triangle-function reconstructed-profile. The

extension in S-scale of these streaks corresponds to the location

of the corresponding thickness fringes in the XRR profile. One

can notice the artefacts from the SL Bragg peaks which yield

figures at the corresponding Scorr positions. These artefacts do

not affect the results of the thickness determination since they

are localized in Scorr, which is due to the localization of the

wavelet. Therefore, this example shows the reliability of using

the wavelet transform to study XRR profiles which contains SL

Bragg diffraction peaks.

6. Conclusion

The reliability of using both the Fourier-inversion and the

wavelet-transform methods to study fine-structured HRXRD

and XRR profiles from complicated heterostructures has been

demonstrated. Solutions have been proposed to overcome two

main drawbacks related to the difficulty of applying directly the

well-known model-dependent fitting procedures and other to

the presence of high-intensive SL Bragg peaks which limits the

use of the Fourier-inversion method. A QWIP heterostructure

has been successfully studied by HRXRD using first the

Fourier-inversion technique, usually dedicated to XRR, to

assess all the individual layer thicknesses and then using a

fitting procedure to determine only the alloys composition,

using the results of the Fourier-inversion method as input (and

fixed) parameter. An XRR profile from a wave-guide

heterostructure, displaying SL Bragg peaks, has been studied
by wavelet transform. We have shown that the localized nature

of the wavelet overcomes the problem due to the presence of the

SL Bragg peaks and allows an accurate thickness determination

with a determination of the corresponding fringes localisation

in the XRR profile.
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